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Equations of Motion of a Deep Submergence Rescue Vehicle
with Active Mercury Damping Control

RONALD D. PALAMARA*
Purdue University, Indianapolis, Ind.

AND
WENDELL J. BRIDGES!

Naval Avionics Facility, Indianapolis, Ind.

The six-degree-of-freedom equations of motion are derived for a submerged body capable
of dynamic internal mass movement. Simplified vehicle roll characteristics are then anal-
yzed for creeping forward speed and it is shown that internal movement of liquid mercury
can be utilized to control dynamically the roll attitude of the vehicle. The results of an
analog computer simulation of the complete six-degree-of-freedom equations are cited to
verify the simplified roll analysis.
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Nomenclature

= inertially fixed point
= body fixed point located at the initial

position of the center of mass
= arbitrary point located on the body
= position vector of point P relative to

point 0'
= position vector of point 0 relative to

point 0'
= position vector of point P relative to

point 0
= angular velocity of r» with respect to

inertial space
= derivative with respect to time in the

rotating coordinate system
= orthogonal unit vectors of body co-

ordinate system
= ith particle of mass
= mass of body
= position vector of the center of mass

with respect to point 0
= velocity vector of point 0 relative to

0'
= force vector
= components of V0 along body axes
= components of co along body axes
= components of r along body axes
= components of r,- along body axes
= components of F along body axes
= angular momentum vector about

point 0
= moment of inertia tensor
= principle moments of inertia
= products of inertia
= set of particles within the body with

acceleration [f]
= set of particles within the body with

velocity [r]
= position vectors of the center of mass

of p and p'', respectively
= components of TA along body axes
= components of TV along body axes

dj (F2)hyd,
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force components along the body axes
due to hydrodynamics forces

components of torque along the body
axes due to hydrodynamic forces

density of seawater
characteristic length of the deep sub-

mergence rescue vehicle (DSRV)
weight of the DSRV
buoyancy force
DSRV roll, pitch, and yaw angles
position vector from point 0 to ef-

fective point of bouyancy force
components of T'
components of external force acting

on the DSRV along the body axes
components of external torque acting

on the DSRV along the body axes
shroud angles due to rotation about

the DSRV pitch and yaw axes,
respectively

hydrodynamic force coefficients
hydrodynamic moment coefficients
DSRV roll natural frequency
DSRV roll damping ratio
distance between initial position of the

DSRV center of mass and the
effective location of the buoyancy
force

simplified roll transfer function co-
efficients

weight difference of the mercury in the
roll trim tanks

roll control feedback signal
roll control loop gain
specific weight of mercury
cross-sectional area of the mercury

transfer tube
height change in the mercury storage

tanks
length of mercury transfer tube

: friction factor of mercury transfer
tube

: diameter of mercury transfer tube
= cross-sectional area of mercury storage

tanks
= accumulator pressure difference
= oscillation frequency in mercury sys-

tem
: displacement of mercury in the trans-

fer tube
= mass flow rate in mercury system
= time to reach maximum mass flow

rate
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Introduction

THE problem of mating a deep submergence rescue vehicle
(DSRV) to the hatch of an immobile submarine is similar

in many facets to the task faced by the Gemini vehicles dur-
ing the terminal phase of rendezvous. To rendezvous success-
fully with another satellite, the Gemini must be controlled in
roll, pitch, and yaw as well as velocity along three body axes.

The DSRV, like the Gemini vehicle, is a six-degree-of-
freedom vehicle. The need for six-degree-of-freedom con-
trol, manual and automatic, is justified when one considers
the undesirable environmental factors of impaired visibility
and perturbing cross currents present during the delicate
mating maneuver. In order to achieve a mating of the
DSRV to the distressed submarine, strictly from a mechanics
viewpoint, the DSRV must be capable of 1) translating at
cruise velocity to the vicinity of the distressed submarine, 2)
translating at hover speed to the location of the hatch of the
distressed submarine, 3) matching the attitude of its mating
skirt to that of the hatch, and 4) performing the final phase
of translational positioning until a "skirt-hatch" seal is
affected.

In order to perform translation, the vehicle is equipped
with three-axes thrust, supplied by a main propeller along
the vehicle longitudinal axis and auxiliary thrusters per-
pendicular to the vehicle longitudinal axis. Attitude control
is achieved with a shroud, auxiliary thrusters, and a mercury
trim system. The main propeller is enclosed with a truncated
conical shroud which can be rotated into the main prop flow to
produce pitch and yaw rotations about body axes. In addi-
tion, the auxiliary thrusters can yield moments about both
the y and z axes of the vehicle. In order to achieve a static
rotation about the vehicle's pitch or roll axes, the DSRV is
provided with a supply of mercury that can be used to pro-
duce couple moments by moving the center of mass along
either the vehicle's pitch or roll axis. The following modes
of applying torques to the vehicle are then available: 1)
pitch—auxiliary thrusters, shroud, static mercury trim;
2) yaw—auxiliary thrusters, shroud; and 3) roll—static
mercury trim. With these modes the vehicle has no form
of dynamic roll control. The obvious solution for achieving
dynamic roll control would be to add another set of auxiliary
thrusters about the vehicle roll axis. However, another
method, which would utilize the existing controls, would be
to use the mercury trim system as a source of dynamic roll
damping. If the dynamic motion of the mercury can be
controlled satisfactorily within the bounds dictated by the
natural frequency of the vehicle, the necessity for additional
auxiliary thrusters would be removed. Such a method of
internal mass movement, used to achieve dynamic attitude
control in roll, is investigated and reported herein.

Procedure and Assumptions

The approach was to derive the six-degree-of-freedom
equations of motion for a body capable of internal mass
movement. The hydrodynamic forces and moments used
were those initially reported in Ref. 1, and were revised as
new experimental data became available. The dynamic
equations are valid for the translation cruise and translation
hover maneuvers. Matching the attitude of mating skirt
and hatch and performing the final seal is not discussed
herein, but is treated in detail in Ref. 2. The effect of per-
turbing flowfields is also omitted from the equations, but is
discussed in Ref. 3 for determining the minimum-time flight
paths to the distressed submarine.

To determine roll characteristics, the equations were
linearized and motion described in the horizontal plane.
This simplified model was then used to determine necessary
control system requirements for satisfactory stability and
performance using standard linear techniques and an analog
simulation of the constrained motion in the horizontal plane.

Fig. 1 Vector diagram for moment equa-
tions.

This analysis was followed by a complete six-degree-of-
freedom simulation of the full nonlinear equations to insure
that the mercury roll control system synthesized for the linear
vehicle dynamics was adequate for controlling the uncon-
strained vehicle. Further discussion of the six-degree-of-
freedom-simulation is given in Ref. 4.

Kinematic Equations and External Loadings

A. Force Equations

Choosing an inertially fixed point 0' and a point 0, fixed
in the body at an initial position of the center of mass, then
a point P on the body (see Fig. 1) is located by R; = R0 + r».
If a body fixed coordinate system at- is placed at point 0, the
velocity and acceleration of point P, with respect to 0' but
measured in the body fixed frame, are

R; = Ro + [f,-] + 0> X Ti

Ri = R0 + [?,-] + 2o> X [r] + (o X (<o X r<) + o> X Ti
The external forces acting on the entire body are equal to
the rate of change of the linear momentum of all mi particles
of the body;

F - 2Smt-(co X

X (<o X w,-r X (1)

Now, defining the following quantities:
center of mass

velocity of mass center with respect to o as seen from «»
frame

[r] = Swi[fi]/Sw<

acceleration of mass center with respect to 0

[r] = Smt[fi]/Sm<

acceleration of origin in body fixed coordinates

R0 = [V0] + o> X V0

and substituting these definitions into (1),

F = m[V0] + m((o X V0) + 2m(o> X [r]) +
G> X (o> X rar) + o> X mr + m[f] (2)

Then by expressing the scalar components of these vectors
along the a, body frame, the scalar force equations can be
obtained.

The vector equations along «t- are

V0 = ucti + y«2 + was o> = POL\ + g«2 + ras

r = xui + yui + 20:3 [r] = z«i + #«2 + *<**
[r] = xai + #«2 + sag F = Fioi + F2«2 + ^30:3

Substituting into (2),

F1 = m(u + qw — rv) — mx(r2 + q2) + my(pq — r) +
mz(q + pr) + 2m(qz — ry) + mx (3)

F2 = m(v + ru — pw) — my(r2 + p2) + mx(r + pq) +
mz(rq — p) + 2m (rx — pz) + my (4)

Fz = m(w + pv — qu) — mz(p2 + g2) + mx(pr — q) -f
my(p + rq) + 2m(py — qx) + mz (5)
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The explanation of terms by grouping is as follows: first
term is due to measurement of inertial velocity in a rotating
frame; second, third, and fourth terms are due to coordinate
system origin, not at the center of mass; fifth and sixth
terms are due to relative velocity and acceleration of the
mass center with respect to the coordinate system origin.

B. Moment Equations

Referring to Fig. 1, the moment about point 0 is

Mo = Sw,rt- X R, (6)

But, from Eq. (1),

R; = R0 + [ft-] + 2(co X [f,-]) + co X rt- + o> X (co X r<)

Substituting into (6),

Mo = 2m;(r; X R0) + Sm,-r,- X [?,-] +
2Zm/rt- X (CD X [r,-]) + Swt-rt- X (cb X rt-) +

Zw,-rt- X [co X (co X rt-)] (7)

Now, introducing the definition of moment of inertia for a
rigid body with constant mass,

70cb = Sr> X (cb X niiTi) (8)

co X /Ojco - Sr,- X [co X-m,-(co X r,-)] (9)

Substituting (8) and (9) into (7),

Mo = mi X Ro + Smt-rf X [r,-] + 70cb + co X
70co + 2Sm^ X (co X [f,-]) (10)

Before substituting to obtain the three scalar moment equa-
tions, it is assumed that internal mass motion will occur only
along a single body axis at any instant of time.

It is therefore assumed that [rt-] and [rT] are functions
of time alone. Then one can write:

m p
£ m.r; X [?,-] = -[r,-] X £>trt-

* = i * = i

uri X [f,-] - 0

(11)

2Sm,-r,- X (co X [f]) = -(co X [f,-]) X 2 £) m-,-rt-

(12)

mtrt- X (co X [r-]) = 0

where p is the set of particles within the body with accelera-
tion [r»], and p' those with velocity [rt], respectively.

From the definition of the center of mass,

Differentiating twice and noting [?;] and [f,],
p' P'
J] rajr,-] = m[r] [f,-] X] mi = mM

P P
YJ w»[r,-] = m[f] [f,-] 2 m*' = WPM

Substituting into (11) and (12),
L

X m[f] = IM X m[r]S m^' £ Wi
L* = i JL» = i J

f pt ir ^' I"1

2 2 Wt-r,- X) Wi X (co X m[f ]) = 2rF X (co X m[f[f ])

where r^ is the vector from 0 to the centroid of the accelerat-
ing particles within the body, and iv the corresponding vector

to the centroid of the particles in motion. So Eq, (10) be-
comes
Mo = rar X Ro + miA X [f ] + /Ocb + co X

70co + 2mrv X (co X [r]) (13)
The explanation of terms by grouping is as follows: the
first term is due to center of mass not coinciding with the
body fixed origin; second term is due to internal mass ac-
celeration; third and fourth terms are the change in angular
momentum about 0 measured in a rotating frame of refer-
ence; and the fifth term is the Coriolis effect upon angular
momentum caused by internal mass motion. The three
scalar equations resulting from (13) are found by substituting
the following quantities:

Ro = + + +

TV =
The moments of inertia will, in general, change because of
mass movement. If the body is designed such that mass is
transferred to symmetric positions with respect to point 0
along each of the body axes, and if the principal moments of
inertia are evaluated at point 0 when it coincides with the
center of mass, then the principal moments of inertia are
invariant, and are lxxo = l x x ] lvyo = lyy\ and lzzo = /„;
and the products of inertia can be expressed as functions of
the displacement of the mass center from 0: i.e., lxy =
lxy(x, y ) \ Ixz = I x g ( x , z)'t and lyz = IVz(y} z). Substituting
these quantities into (14),
Mx = lxxp — lxy(q — pr) — lxz(f + pq) +

(Izz ~ Iyy)qr - Iyz(q2 - r2) + m(yw - zv) +
my(pv — qu) — mz(ru — pw) + m(yAz — zAy) +

2myv(py — qx) + <2mzv(pz — rx)

My = lyyq - lxy(p -f gr) - lyz(r + qp) +

(Ixx - L*)pr - l*z(r* - p2) + m(zii - xw) +
mz(qw — TV) — mx(pv — qu) -j- m(zAX — XAZ) +

2mzv(qz — ry) + 2mzv(qx — py)

(14)

(15)
M2 = lzzr — lxz(p — qr) — lyz(q + pr) +

(lyy — lxx)pq — Ixytp* — q2) + m(xv — yu) -f
mx(ru — pw) — my(qw — rv) -\- m(xAy — yAx) +

2mxv(rx — pz) + 2myv(ry — qz) (16)
Equations (3-5 and 14-16) represent the general kinematic
expressions for a six-degree-of-freedom body with internal
mass movement.

The hydrodynamic loads acting on the vehicle are given by

^ [X'uu + X\.rm + X'^wg] +

7- [X'u^ut + X'nv* + X'nww*] (17)

Ww = IT \Y'rf + Y'pp] + ?- Y'pqpq
L A

~ [Y',v Y'pup]

^ rv
2 [Y*

(18)
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Sway
'rf + Z'rrr*} + [Z'̂

/j/4 Ql3
m[v + ru - pw + y] = — Y'jr + —

Y'pup + Y'wpwp + Y'rur] + ~ Y'vuv2
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(19)

= [K'vp + K'qrqr + Krr p \ p \ ]

[K'pup + K'rur + K';v] + X

K'tuv v\ + K',,wvw] (20)

Af = I 'iq + M'rp rp] + (M'quq + M'a^\w\q] +

2 + M'u,uw + M'wlwlw\w\] + [A/',.,w2] +

M',rvr + M ^ M'ww + '—— [M'5,ds

pi*
2 (21)

N = ̂  [N'rr + N'npq + N ' t f ] + Y X

v\r] + ̂  [N'pup

+ N'vuv + N'v

^- [N'8r5r + N'8r{8r{5r\5r] (22)

The body forces and moments are obtained as follows:

(W - B)k = ~(V
(W -

The corresponding moments are

M0 = r X W + r' X B (23)

M0 - [(Wy - ByB) cos0 cos^ + (BzB - Wz) cos0

+ [(BzB - Wz) sin6 + (BxB - Wx) cos0

[(Wx - BxB) cos0 sin^ + (Wy - ByB) sir

Equations (17-23) describe the hydrodynamic forces and
torques exerted on the vehicle as well as the forces and mo-
ments acting on the vehicle due to the buoyancy of the ve-
hicle. The hydrodynamic coefficients are known only for
the conditions where the forward velocity is the dominant
motion of the vehicle. For this condition, many of the hydro-
dynamic terms can be neglected.

The six equations that describe the vehicle and contain the
most significant terms are as follows:
Surge

p/3

m[u + qw — rv + x] = — [X'ud + X'vrvr +

X'wqwq] + ~ X'wu* - [(W - B) sin<9 + Fx (24)

Y w5T/*n«rl|5r|5r + (W - B) cos0 sin<p + Fy (25)

Heave

m\w + pv — qu] = — Z'qq + -^ [Z'ww + Z'quq +

ZfvPv<p] + ^- [Z'*u* + Z'wuw + Z'w{wlw\w] +

(IF - B) cos0 cos^ + Fz (26)

p^
2

Roll

Ixxp + (I23 — Iyy)qr — myqu = — Kf
vp~- [K'rur

~ K'vuv + —- K'pup — Wy cos0 «

BZB cos0 sin^ + ^K (27)

Pitch

M'rprp]

[M'ww] + ^2^'^s + BZB sin0 -

Wx costf cos<^ + SJIf + V— u*M'dsl5s{d\d\ (28)

Yaw

lzzr + (I,, - IM)p? + mxru = [N';r + N'pqpq} +

+ N'#] + [^'pMp] + +

Wy si

Attitude Stability and Control

(29)

In the preceding section, the general six-degree-of-freedom
equations were developed where the forward velocity wras
the predominant motion of the vehicle. In this section, the
simplified roll characteristics of the vehicle are used to in-
vestigate the feasibility of controlling the vehicle attitude
by pumping mercury from tank to another inside the vehicle.
Although only roll control is considered here, this control
scheme is equally applicable to pitch control. The complete
six-degree-of-freedom equations were simulated on an analog
computer and the results of this simulation for roll com-
mands are included here to verify the simplified roll loop
analysis.
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Fig. 2 Roll response of the DSRV to an initial roll angle
of 20°.

A. Roll Stability and Control

The simplified roll transfer function from motion of the
center of mass along the y axis to roll angle used here is given
by

63) (30)

where

O — open loop zeros
^ —— open loop poles
Q ——closed loop poles

- 63 = —

Fig. 4 Root locus for simplified roll control system;
Of = 10 0 -{- 0 -f- #; u = 0.1 fps; maximum mercury flow

rate = 40 Ib/sec.

This is just the roll transfer function when the vehicle is con-
strained to one degree of freedom (roll) at a constant forward
velocity. An examination of the magnitude of the coeffi-
cients for various cross-coupling terms (see Ref. 1) as well
as the close agreement between the roll step response for the
exact and the simplified roll transfer functions justify using
the simplified roll transfer function for preliminary design
purposes. The approximate roll natural frequency is given
by

-BZB

and the damping ratio given by

DR = (-pl*K'P/±Wn)u
If the buoyancy force and metacentric height remain con-
stant, then the natural frequency of the vehicle is invariant
for all forward velocities and the damping ratio is linearly
dependent upon the forward velocity. At low forward ve-
locities, the simplified roll transfer function is no longer valid
since many of the cross-coupling terms become more signifi-
cant and cause additional damping or roll disturbances. In
a sense, the simplified roll transfer function is worse than the
actual roll transfer function since some of the natural roll

damping is being neglected. Figure 2 shows the roll re-
sponse of the vehicle to an initial roll angle of 20 deg as the
forward velocity is changed from 0.5 to 5.0 fps.

For low velocities (Fig. 2a), the roll response is lightly
damped and requires many oscillations before the roll motion
is completely damped out. For large forward velocities
(Figs. 2b and 2c), the roll damping increases until the re-
sponse is overdamped and asymptotically approaches a
final value. The most critical roll control requirements are
during the mating process when the forward velocity is very
small. The roll response of the vehicle during this mating
process is unacceptable and some means of improving the
roll response at low velocities must be used.

Similarly, the least critical roll control requirements are
during the cruise mode when the forward velocity of the ve-
hicle is large. For large forward velocities, the natural roll
response of the vehicle is acceptable so that a closed-loop roll
control system is not required in the cruise mode.

Closed-loop roll control is accomplished by using the
mercury trim system to change the center of mass along the
y axis of the vehicle, and, consequently, to provide torques
about the roll axis. The change in y due to moving mercury
along the vehicle y axis can be determined from the definition
of center of mass;

y = fyirrii/m

For the mercury trim system

Wy = fWvgy4t
where $/t- = distance that mercury is moved, and
cury flow rate in Ib/sec.

The Laplace transform of this equation is

(31)

Wy =

Fig. 3 Simplified mathematical block diagram for the
DSRV roll control system.

yi (32)
so that

9/W*& = ?A/s(&iS2 + b2us + 63) (33)
For the DSRV, yi is the distance between the two mercury
tanks located on the y axis and is 6.67 ft.

A simplified mathematical model of the closed-loop roll
control system is shown in Fig. 3. The mercury trim sys-
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Fig. 5 Step response of the DSRV
with the closed-loop control system
operative; maximum mercury flow

rate = 40 Ib/sec.

a
110

a) u = 0.1 fps

/ .1 r
b) u = 1.0 fps c) u = 5.0 fps

tern is shown as an integrator and the valve that controls
the flow of the mercury is represented as linear till it reaches
saturation at the maximum flow capacity of the valve.

If just the linear portion of the valve is first considered,
then the required compensation for the roll control can be
determined by the usual linear compensation techniques.
Figure 4 shows the root locus of the roll control system (u =
0.1 fps) when the feedback signal is <px = 10£> + <p + <p.
As the gain K is increased, the closed-loop poles move such
that their damping is increased. When K = 10, the damp-
ing ratio is approximately 0.9. For this damping ratio, the
DSRV roll step response will have no overshoot. This is
especially important during the docking maneuver when the
pilot is trying to orient the DSRV so that the skirt mating
surface is parallel to the mating surface on the target sub.

Figure 5 compares roll step responses for a 20° step input
at three forward velocities. For u = 0.1 fps, there is no
overshoot and the rise time is 35 sec. When the forward
velocity is increased to 1.0 fps, the roll response remains
virtually unaffected, and when the forward velocity is in-
creased to 5.0 fps, the compensated roll control system re-
sponse has an overshoot of about 10%. Figure 5 shows
the roll response when the forward velocity is 5 fps. How-
ever, at forward velocities greater than 1.0 fps the roll re-
sponse is not as critical as during the mating process when the
forward velocity is nearly 0, and, at large forward velocities,
the open-loop vehicle roll characteristics are acceptable and
the closed-loop control system need not be used.

For a small command signal, the mercury flow rate does not
saturate and the roll control system is a linear system. For
larger command signals, the mercury flow rate saturates and
the roll response of the vehicle is altered. Figure 6 com-
pares the response of the vehicle to a step input of 8 deg and
with the vehicle response to a step input of 40 deg. Figure
6a shows the response of the vehicle to an 8-deg step input
when the mercury flow rate does not saturate. The rise time
is approximately 35 sec. In Fig. 6b, the mercury flow rate
is saturated during the first part of the step response so that
the torque applied to the vehicle is a ramp (integral of the
constant torque rate). The first portion of the response
is the open-loop response to a ramp input. Since the natural
damping of the vehicle is small for low velocities, the vehicle
response to the ramp input is oscillatory. After approxi-
mately 45 sec, the mercury flow rate is no longer saturated
and the vehicle response becomes more heavily damped.
The rise time for the 40° step input is 60 sec.

The rise time for a roll step response depends on the maxi-
mum mercury flow rate. Figure 6a showed the roll step re-
sponse where the maximum mercury flow rate was 40 Ib/sec.
Shorter step response times could be achieved by increasing

the mercury flow rate, although satisfactory roll response
can be obtained with a maximum mercury flow rate less than
the 40 Ib/sec used in Fig. 6a. In general, the maximum
flow rate should be selected on the basis of roll rise time re-
quirements.

In Fig. 7, the roll responses for the closed-loop roll con-
trol system and the open-loop control system for the vehicle
are compared for a 100 ft-lb roll disturbance torque. Figure
7a shows the open-loop roll response to the disturbance
torque. The response takes more than 80 sec to die out, and
the final roll angle is changed to 3 deg. The peak roll angle
is 5.8 deg. The closed-loop disturbance response, shown in
Figure 7b, takes 25 sec to damp out, has a peak roll angle of
2.0 deg and the original steady-state roll angle is not changed.
This is very important when the vehicle is trying to mate
with the target submarine.

To verify that the roll control analysis using the simplified
roll transfer function did give valid results, the full six-degree-
of-freedom equations were simulated on an analog computer.
The mercury trim system and the roll control system de-
veloped in the simplified analysis were also simulated. The
vehicle response to step roll commands is shown in Fig. 8 for
two different nominal vehicle forward velocities and nominal
pitch angles. The roll response of the complete six-degree-
of-freedom simulation is nearly identical to the results pre-
dicted by the simplified roll analysis. Reference 4 contains
a complete summary of the control system development for
all six degrees of freedom of the DSRV, using an analog com-
puter simulation.

Physical Realization of Mercury Trim System

The roll error signal that actuates the valve solenoid causes
mercury to flow in the proper direction to provide a roll
torque on the vehicle. This torque acts on the DSRV to
roll the vehicle to the desired attitude in an acceptable
manner. One method of transporting mercury from one
roll tank to the other to provide roll torques is shown in Fig.
9. The system consists of a motor and a hydraulic pump
which supplies a hydraulic pressure of 500 psi. The output
of the pump is used to charge a gas accumulator whose work-
ing volume is equal to the volume of one of the trim tanks.
Each trim tank is separated into two separate halves by an
elastic bladder with the bottom half of each trim tank con-
nected by a pipe allowing mercury to flow from one trim
tank to the other. The total volume of mercury contained
in the system is equal to the volume of one sphere plus the
volume of the pipe connecting the two trim tanks. This
allows one trim tank to be completely full of mercury when
the other tank is empty of mercury.

a) 8° roll step response b) 10° roll step response

Fig. 6 DSRV roll response with u = 0.1 fps; maximum
mercury flow rate = 40 Ib/sec.

-I k-
10 sec .

/v
: -J

10
I

sec.

a) Open loop b) Closed loop

Fig. 7 Roll disturbance response.
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40 80

TIME, SECONDS

120

Fig. 8 Roll responses; —— step command; cong = 50
Ib/sec max; EG = 2 in.

The upper portions of each trim tank are connected to the
hydraulic accumulator through the 4-way valve. To move
mercury from one trim tank to the other, the valve solenoid
moves the valve spindle so that one trim tank is connected
to the accumulator while the other trim tank is connected
to the vent tank. This causes hydraulic fluid to flow into
one trim tank and out of the other, and, consequently, for
mercury to flow from one tank to the other. The mercury
flow rate depends on the valve displacement, the pressure
of the accumulator, pipe friction, and vehicle roll angle. The
approximate time required for the mercury flow rate to reach
a maximum can be computed by considering the time re-
quired for mass in the pipe to reach the desired flow rate
when the accumulator pressure is 500 psi.

The equation of motion of the mercury in the pipe is

(34)yAfL (fa
~2gD \~dt

The individual terms are denned as follows: first term, ex-
ternal pressure load applied from the accumulator; second,
external forces caused by the mercury in the reservoir on the
mercury in the pipe; third, viscous fluid resistance in the
pipe, and fourth inertia of the mercury in the pipe. The
equation is nonlinear because of the presence of (dz/dt)2.
Examination of the Reynolds number for mercury in a 1-in.-
diam pipe with flow rate of 40 Ib/sec, shows that Re < 0.5 X
106. Assuming these values the viscous forces can be neg-
lected, i.e., yA(zi - z2) + yAL simp » (yAfL/2gD)-
{dz/dt)2 for most realistic roll angles. Then (dP)(A) —
yA(zi — zz) + yAL sin<^ = (yAL/g)(d*z/dt2). zi and z2
are the equivalent mercury displacements in the reservoir
tanks, assuming the mercury incompressible; Az = A'ZI =

Fig. 10 Flow rate
response of the mer-
cury transfer sys-

tem.

2TT/C4,

—A fzz where A' is the reservoir cross-sectional area. Sub-
stituting in (34), the equation of motion for the mercury is

z + (2g/L)(A/Af)Z = gdP/yL + g sin<? (35)

It should be noted that the dP from the accumulator acts
such that dP > Oz > 0 and 5P < 0 < 0. Then subject to
these restrictions, and letting &N

2 = (2g/L)(A/Af) = const,
for5P>0,

z(t) = ±(A'/A)(8P/y) + (L si
where z > 0 and

WHK = yAz = [(g/2L)AA']ll*(dP

(36)

<5L si smWNt

Fig. 9 Mercury trim system for roll control.

The necessary assumption to arrive at the preceding solu-
tion required that the vehicle roll angle remain constant
during acceleration. This condition can be shown to be
satisfied by examining Wne(ti, dP). For 8P » dL sin^,
Watty, dP) = [const] dP sinlW (see Fig. 10). For a maxi-
mum flow rate of WOJ the dP design pressure can be sized
according to the maximum allowable time lag for reaching
maximum rate flow. The worst case (i.e., where time to
reach W0 is reached) is

(37)

For A = (T/576)ft2, A' = 0.167rft2,L - 6.67, W0 = 40 Ib/sec,
dP = 500 psi, and [tm = 0.0356 sec].
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